Mathematical modeling of thermal effects on steady state dynamics of microresonators, utilizing an analytical approach is studied. Thermal phenomena has two distinct effects, which in this report are called, thermal damping and temperature relaxation. In this part of a two-part report we investigate the thermal damping and its effects on microresonator dynamics. To do this, first the reduced order mathematical model of the system is introduced as a forced mass-spring-damper system, and then a linearized model of electric actuated microbeam resonator is employed. The effect of thermal damping is modeled as an increase in damping rate, utilizing a Lorentzian function of excitation frequency. The steady state frequency-amplitude dependency of the system will be derived utilizing averaging perturbation method. The developed analytic equation describing the frequency response of the system around resonance can be utilized to explain the dynamics of the system, as well as design of dynamic parameters. However, we have focused on exploration of thermal damping.
INTRODUCTION
The purpose of this paper is to introduce mathematical modeling and investigate the effect of thermal damping phenomenon in mechanical vibrations with emphasis on dynamic behavior and sensitivity analysis of micro resonators. So, we develop a mathematical model to describe the thermal damping phenomenon and investigate its effects on MEMS dynamic. To do this the mathematical model of the thermal damping is applied in a forced linear vibrating system to illustrate the thermal damping effects. Then, a linearized model of an electric actuated microbeam resonator will be employed. The effect of thermal damping phenomenon is modeled as an increase in damping rate as a Lorentzian function of excitation frequency. The steady state frequencyamplitude dependency of the system will be derived utilizing averaging perturbation method. The developed analytic equation describing the frequency response of the system around resonance can be utilized to explain the dynamics of the system, as well as resonant frequency and peak amplitude.
The thermal properties of the microbeam material can play a significant role in affecting the design and application of micro systems utilizing a microbeam or microcantilever resonator (Karami and Garnich 2005) . The material characteristics affecting vibration behavior of the microresonator are stiffness and damping rates of the microbeam. The energy loss in a micromechanical resonator is measured in terms of the quality factor, defined as MEMS devices and systems have been designed by trial and error, mainly because most MEMS devices are modeled using simplified analytical tools, resulting in a relatively approximate prediction of performance behavior. As a result, MEMS design process requires several iterations before the performance requirements of a given device are finally satisfied (Younis, AbdelRahman, and Nayfeh 2003, Younis 2004) . Conversely, the reduced-order models, known as micromodels, need to be expanded and improved as a tool for prediction and optimization of the proposed behavior. Reduced-order models are developed to capture the most significant characteristics of a MEMS behavior in a few variables (Younis 2004, Nayfeh and .
Most electric actuated MEMS, especially microbeambased sensors and actuators must work at resonance. Typical microresonator devices employ a parallel capacitor, in which one electrode is fixed and the other is allowed to move using some flexibility. The movable electrode, fabricated in the form of microbeam, microplate, or microcantilever, serves as a mechanical resonator. It is actuated electrically and its motion can be detected by capacitive changes. This motion of the movable electrode can be converted to an electric signal in the capacitance, which is related to the physical quantity being measured .
MATHEMATICAL MODELING OF THERMAL DAMPNIG
Intrinsic sources of dissipation, such as thermoelastic damping, impose a strict upper limit on the attainable quality factors of resonators (Wang et. al. 2000 , Hsu et. al. 2001 ). Thermoelastic damping is the energy dissipation mechanism that is modeled and analyzed in this investigation. Thermoelastic damping is a consequence of the microbeam being in thermal equilibrium with its environment. This damping depends on the thermodynamic properties of the material which are functions of temperature. Thermoelastic damping is proportional to frequency; hence, when the principal natural frequency moves up while the size of devices decreases, the thermoelastic damping becomes more significant (Lifshitz and Roukes 2000) . Temperature changes lead to irreversible heat flow and to entropic dissipation. In other words, thermal energy dissipation is caused by irreversible heat flow across the thickness of the microcantilever as it oscillates (Yasumura et. al. 2000) .
is the macroscopic parameter that couples changes in length (strain) with changes in temperature. Zener was the first researcher who investigated and modeled the effect of internal frictions in resonating thermoelastic solids known as "thermoelstic damping" (Zener 1937 (Zener , 1938a (Zener , 1938b (Zener , 1947 . Acording to Zener approximate theory, the "thermoelastic damping is significant when the frequency of vibration ω, satisfies the condition ωτ Z =1, where,
Zener relaxation time, a is the thickness of the microbeam, and γ T is the thermal diffusivity of the microbeam material (Zener, Otis, and Nuckolls 1938) . Zener relaxation time τ Z , is related to the quality factor due to the following relationship ( )
where, C p is the heat capacity per unit volume of the beam material, T 0 is the uniform temperature of the beam, and E is Young modulus. In fact, the expression (1) is the leading term in an infinite series which is well approximated by the single term (Norris and Photiadis 2004, Zener 1937) .
A better approximation for Equation (1) is provided by Alblas (1961 Alblas ( , 1968 , and Lifshitz and Roukes (2000) . The natural or eigen frequencies for microbeams in terms of the beam dimensions are
is the area second moment of inertia of the cross section, ρ is the mass per unit length of the beam, and a i is a number depending on the boundary conditions (Meirovitch 1997) . Equation (1) can be approximated by the following equation with less than 1% error has been derived and used in thermal-loss analysis especially in flexural beam resonators by most of researchers (Srikar and Senturia 2002, Yang et al, 2002; Abdolvand et al, 2003; Jeong et al, 2003; De and Aluru 2004; Fejer at al, 2004; Husman et al, 2004) .
Figure 1. Lorentzian function
For a linear mass-spring-dashpot oscillator, the quality factor Q, is defined by Q km / = c. Therefore, employing (1) and (2), we introduce a frequencydependent force
to simulate the damping force corresponding to thermal damping. The coefficient c T defines the thermal damping per unit length of the microbeam which depends on geometric and material properties of the microbeam and must be determined experimentally. Thermal damping force introduces a new variable within the equation of motion, and it is a function of excitation frequency with a maximum at fundamental resonance frequency. In other words, the thermal damping is modeled by a viscous damping with a Lorentzian frequency-dependent coefficient.
Employing (3) indicates that the damping exhibit a broad maximum at natural frequency ω 1 . This is in agreement with the classic phenomenon called anelasticity (Zener 1947; Saulson 1990 ).
THERMAL DAMPING EFFECT IN SINGLE DOF VIBRATING SYSTEMS
Consider the vibration isolation system shown in Figure  2 . The base experiences a harmonic excitation displacement
ω . Overall damping of the system is a combination of viscous damping c and the
Therefore, the equation of motion of the system is 
where
It can be shown that the steady state solution of (5) is 
Figures 3 and 4 show the frequency response of the system without and with thermal damping, respectively. More specifically, in Figure 3 , a 2 =0, and in Figure 4 , a 2 =0.1. The a 1 is indicator of individual curve with values from zero to one, and increment of 0.1. As expected, increasing a 1 decreases the amplitude in both figures. Because of small value of a 2 the difference between these figures is not obvious. To show the difference, in Figure 5 we kept a 1 =0.4 and plotted U for a 2 =0 and a 2 =0.1. The upper curve corresponds to no thermal damping while the lower curve is for a 2 =0.1. Figure 5 clearly shows that thermal damping has maximum effect at resonant frequency. 
REDUCED ORDER MODEL OF MICRORESONATORS
The microresonator is composed of a beam resonator, a ground plane underneath in contact with the beam, and one (or more) capacitive transducer electrode(s). To bias and excite the device, a DC-bias voltage, v p , is applied to the resonator while an AC excitation voltage is applied to its underlying ground plane(s). A variable capacitor model on a clamped-clamped microbeam and a microcantilever are illustrated in Figure 6 . The electric load actuation is achieved by applying a voltage difference between opposite electrodes of a variable capacitor. The induced electrostatic force deforms the capacitor until they are balanced by the restoring mechanical forces. The electric load is composed of a DC polarization voltage, v p , and an AC actuating voltage,
The polarization voltage has an upper limit called "collapse" load, beyond which the mechanical restoring force can no longer resist its opposing force (Hsu 2002) .
Increasing a 1
The one dimensional electrostatic force, f e , between two electrodes is
where, is permittivity in vacuum, A is the area of the microplate, and w=w(x,t) is the lateral displacement of the microbeam (Hsu 2002) . When the excitation has a frequency close to the fundamental resonance frequency of the resonator, the resonator begins to oscillate, creating a time varying capacitance between the resonator and the electrode. It is usually assumed that the beam length is much greater than the electrode lengths. Therefore, the variation of the beam deflection across the length of the electrodes is ignorable (Nguyen 1995) .
The equation describing lateral vibrations of the microbeam can be summarized and simplified to the following equation when the beam's geometry is uniform. 
To make the equation of motion dimensionless the following variables are defined. The parameter n is a constant depending on mode shape of the microbeam. 
The first harmonic mode shape satisfying the required boundary conditions, is
and the mode shape parameter is 
where, 
with equilibrium at 0 A 1 2 2
THERMAL DAMPING EFFECT IN MICRORESONATORS
To find the amplitude of oscillation of the microbeam around resonance and considering the initial displacement due to polarization, we assume a solution in the following form
It can be shown that eliminating secular terms requires that
while applying multiple time scale method produces the following relationship between the parameters of the system to have a periodic steady state response with frequency r. 
DYNAMIC ANALYSIS
Equation (23) (Kanda et al, 2000; Khaled et al, 2003; Kaajakari et al, 2004) . Figure 7 (a) where a 2 is set to zero. Thermal damping increases the damping of the system near resonance, and hence diminishes the resonance amplitudes but has almost no effect on the off resonance responses as shown in Figure  7 (b). The value of thermal damping is set to 20% of the nominal value of linear damping of the system. The peak value of the frequency response at resonance is a monotonically increasing function of the polarization voltage. Therefore, there must be a maximum acceptable α, due to constraint Y<1. The response of the system to variation of the excitation voltage has the same pattern as polarization voltage. More specifically, the peak value increases and the resonant frequency shifts to lower frequencies when the amplitude of the excitation voltage increases. Thermal damping also has the same effects as described for polarization voltage variation. There is also a higher limit for the alternative voltage to have oscillation within the gap size limit. Variation of excitation voltage is shown in Figure 8 .
The resonance frequency is a very important parameter in resonator-based microsensors. The resonance frequency also indirectly affects design parameters (Sudipo and Aluru 2004) . To determine the capability of the MEMS to sense a shift in resonance frequency by varying a parameter, the Equation (23) must be investigated numerically. Shift of resonance frequency, r 0 , are illustrated in Figures  9 and 10 . First, the thermal coefficients a 2 is set to zero and the result is shown in Figure 9 (a). The resonance frequency is monotonically decreasing function of increasing both polarization and excitation voltages. Within the limit of possible variation of voltages according to the physical limit of gap, the behavior of resonance shifting looks linear with variation of both voltages. However, introducing thermal damping destroys the linearity of the resonant frequency and excitation voltages relationship, although it is still a decreasing function (Figure 9(b) ).
The behavior of resonant frequency is not linear nor monotonic when damping is varied (Figure 10 ). Figure  10 (a) depicts the effect of variation of damping and polarization voltage on resonant shift when the thermal damping is eliminated. The resonance frequency is sensitive when damping is low. However, its sensitivity disappears shortly. Resonance frequencies are compared in Figure 10 (b) for thermal damping. 
CONCLUSION
We have modeled and analyzed the effects of thermal damping in a single dof vibrating system as well as electic actuated microresonator. The thermal damping has been defined by an effective force per unit length of the vibrating microbeam. Thermal damping is due to warming and heat energy dissipation and is frequency dependent. The thermal damping is described by a suitable Lorantzian function of excitation frequency with a maximum at the resonance frequency of the system.
Employing a set of dimensionless variables, equation of flexural motion of the microbeam has been derived including thermal damping modeling. The steady state response of the system has been analyzed employing multiple scale perturbation method. Frequency responses and resonant frequency shifting of vibration have been investigated by varying dynamic parameters involved. Thermal damping has a reduction effect on peak amplitude.
